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SOME RESEARCHES OF BANACH LATTICES AND OPERATORS BY
UNBOUNDED CONVERGENCE
ZHANGJUN WANG1, ZILI CHEN2, AND JINXI CHEN3
Abstract. Several recent papers investigated unbounded versions of order, norm and
absolute weak convergences in Banach lattices. In this paper,we study the unbounded
variant of weak* convergence and related sets and operators.
1.. Introduction
Research of unbounded order convergent has a long history in functional analysis litera-
ture. The notion of unbounded order convergence was firstly introduced by Nakano in [12].
Several recent papers investigated unbounded convergence. A net (xα) in Riesz space E
is unbounded order convergent (uo-convergent for short) to x if |xα − x| ∧ u
o
−→ 0 for all
u ∈ E+. Unbounded convergence in Banach lattices has been researched in [5–11]. Now,
we consider the unbounded version of weak* convergence in the dual Banach lattice E ′.
For undefined terminology, notations and basic theory of Riesz spaces and Banach lattices,
we refer to [1–4].
2.. unbounded convergence in Banach lattices
A net (x′α) in dual Banach lattice E
′ is said to be unbounded absolute weak* convergent
(uaw∗-convergent, for short) to some x′ ∈ E ′ whenever |x′α − x
′| ∧ u′
w∗
−→ 0 for any u′ ∈
E ′. It was observed in [9–11] that un-convergence and uaw-convergence are given by a
topology,and sets of the forms Vu,ǫ = {x ∈ E, ‖|x|∧u‖ < ǫ}, Vu,ǫ,f = {x ∈ E, f(|x|∧u) < ǫ},
form a base of zero neighborhoods for this topology. Using a similar argument, one can
show that sets of the form:
Vǫ,u′,x = {x
′ ∈ E ′ : (|x′| ∧ u)(x) < ǫ}
where u′ ∈ E ′+, ǫ > 0, x ∈ E+, which form a base of zero neighborhoods for a Hausdorff
topology, and the convergence in this topology is exactly the uaw∗-topology.
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Proposition 2.1. (1) If x′α
uaw∗
−−−→ x′ and x′α
uaw∗
−−−→ y′, then x′ = y′;
(2) x′α
uaw∗
−−−→ x′ and y′α
uaw∗
−−−→ y′,then ax′α + by
′
α
uaw∗
−−−→ ax′ + by′,for any scalars a,b;
(3) x′α
uaw∗
−−−→ x′ iff (x′α − x
′)
uaw∗
−−−→ 0;
(4) if x′α
uaw∗
−−−→ x′,then |x′α|
uaw∗
−−−→ |x′|. Moreover if x′α
uaw∗
−−−→ 0 and |y′α| ≤ |x
′
α|, then
y′α
uaw∗
−−−→ 0;
(5) if x′α
uaw∗
−−−→ x′,then y′β
uaw∗
−−−→ x′ for any subnet (y′β) of (x
′
α).
Every uaw-convergent net is uaw∗-convergent, but the converse does not hold in general.
Let (en) be the unit vectors in l∞, and xn =
∞∑
i=n
ei = (0, 0, ...1, 1...). Obviously, (xn) is
uaw∗-null, but not uaw-null.
Proposition 2.2. Let E be a Banach lattice, we have the following result.
(1) xα
uaw
−−→ x,then |xα| ∧ |x|
w
−→ |x| and |x′(x)| ≤ lim infα x
′(|xα|) (for ∀x
′ ∈ E ′+);
(2) x′α
uaw∗
−−−→ x′,then |x′α| ∧ |x
′|
w∗
−→ |x′| and |x′(x)| ≤ lim infα |x
′
α|(x) (for ∀x ∈ E+);
Proof. We prove the second part, another is similar. Clearly,
∣∣|x′α| ∧ |x′| − |x′| ∧ |x′|
∣∣ ≤
∣∣|x′α| − |x′|
∣∣ ∧ |x′| ≤ |x′α − x′| ∧ |x′|
w∗
−→ 0, thus |x′α| ∧ |x
′|
w∗
−→ |x′|. Since |x′| = |x′| − |x′α| ∧
|x′|+ |x′α| ∧ |x
′|, it follows that |x′(x)| ≤ lim infα(|x
′
α| ∧ |x
′|)(x) ≤ lim infα |x
′
α|(x). 
Proposition 2.3. Let E be a Banach lattice, the following hold.
(1) If xα
uaw
−−→ x in E and for ∀ǫ > 0, x′ ∈ E ′, there exsits some u ∈ E+, such that
(xα) ⊂ [−u, u] + ǫ · Bρ
x′
,then xα
|σ|(E,E′)
−−−−−→ x.
(2) If x′α
uaw∗
−−−→ x′ in E ′ and for ∀ǫ > 0, x ∈ E, there exsits some u′ ∈ E ′+, such that
(xα) ⊂ [−u
′, u′] + ǫ · Bρx,then xα
|σ|(E′,E)
−−−−−→ x.
Proof. We prove the second part, another is similar. Since |x′α| = |x
′
α| ∧ u
′ + (|x′α| − u
′)+,
so that |x′α|(x) = (|x
′
α| ∧u
′)(x)+((|x′α|−u
′)+)(x), by assumption, (x′α) is uaw
∗-convergent
net and (x′α) ⊂ [u
′,−u′] + ǫBρx , so x
′
α
|σ|(E′,E)
−−−−−→ x′. 
Proposition 2.4. Let E be a Banach lattice and e′ ∈ E ′+ is a quasi interior point,then
x′α
uaw∗
−−−→ 0 if and only if |x′α| ∧ e
′ w
∗
−→ 0.
Proof. The forward implication is immediate. For the reverse implication, note that |x′α| ∧
u′ ≤ |x′α| ∧ (u
′ − u′ ∧ ne′) + |x′α| ∧ (u
′ ∧ ne′) ≤ (u′ − u′ ∧ ne′) + n(|x′α| ∧ e
′), therefore
(|x′α|) ∧ u
′)(x) ≤ (u′ − u′ ∧ ne′)(x) + n(|x′α| ∧ e
′)(x)
,for ∀x ∈ E, n ∈ N . So x′α
uaw∗
−−−→ 0. 
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Recall that a norm on a Banach lattice E is called order continuous whenever ‖xα‖ → 0
for xα ↓ 0. Combine [9, Proposition 2.5], we have the following result.
Proposition 2.5. Let E be Banach lattice, then the following hold.
(1) If x′α
uo
−→ 0 in E ′, then x′α
uaw∗
−−−→ 0 in E. The converse holds whenever xα ↓≥ 0.
(2) If E has order continuous norm, xα
uo
−→ 0 ⇒ xα
un
−→ 0 ⇒ xα
uaw
−−→ 0 for every net
(xα) in E.
(3) If E ′ has order continuous norm, x′α
uo
−→ 0 ⇒ x′α
un
−→ 0 ⇒ x′α
uaw
−−→ 0 ⇒ x′α
uaw∗
−−−→ 0
for every net (x′α) in E
′.
Proof. (1) Clearly, x′α
o
−→ 0 implies x′α
w∗
−→ 0. Hence x′α
uo
−→ 0 implies x′α
uaw∗
−−−→ 0.
For the converse, if x′α ↓≥ 0 and x
′
α
uaw∗
−−−→ 0, it is clear that x′α ∧ u
′(x) ↓ 0 for every
x ∈ E+ and u
′ ∈ E ′+. We claim that x
′
α ↓ 0. Assume that x
′
α ≥ x
′ for some x′ ∈ E and all
α. Clearly, x′α ∧ u
′(x) ≥ x′ ∧ u′(x). Hence x′ ∧ u′(x) ≤ 0, therefore x′ ≤ 0, so x′
uo
−→ 0.
(2) and (3) by [9, Proposition 2.5]. 
For some special spaces, we describe uaw∗-convergence.
For 1 < p < ∞.In Lp(µ),uaw
∗-convergent iff uaw-convergent iff un-convergent iff con-
vergens by measure. In lp,uaw
∗-convergent iff uaw-convergent iff un-convergent iff uo-
convergent iff coordinate-wise convergence.
Its easy to verify that every positive projection is uaw∗-continuous.
Proposition 2.6. For a dual Banach lattice E ′, let B be a projection band and P the
corresponding band projection. If x′α
uaw∗
−−−→ x′ in E ′, then Px′α
uaw∗
−−−→ Px′ in both B and E ′.
Recall that a sublattice F of a Riesz space E ismajorizing if for every x ∈ E+ there exists
y ∈ F+ with x ≤ y. According to [10, Theorem 4.3], we have the following proposition.
Proposition 2.7. Let A be a sublattice of a dual Banach lattice E ′ and (x′α) a net in A
such that x′α
uaw∗
−−−→ 0 in A. Then x′α
uaw∗
−−−→ 0 in E ′, if one of the following valids:
(1) A is majorizing in E ′.
(2) A is norm dense in E ′.
(3) A is a band in E ′.
Proof. Without loss of generality, x′α ≥ 0 for every α.
(1) Obvious.
(2) Take u′ ∈ E ′+, x ∈ E+ and for any ǫ > 0, we can find some v ∈ F
′ with ‖u′− v′‖ < ǫ.
By assumption, x′α∧v
′ uaw
∗
−−−→ 0. We can find α0 such that (x
′
α∧v
′)(x) < ǫ whenever α ≥ α0.
Since (x′α ∧ u
′)(x) ≤ (x′α ∧ v
′)(x) + |u′ − v′|(x), it follows that x′α
uaw∗
−−−→ 0 in E ′.
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(3) Since E ′ is Dedekind complete, clearly, F ′ is a projection band. For any u′ ∈ E ′+, by
assumption, u′ = u′1+ u
′
2 for some u
′
1 ∈ F
′ and u′2 ∈ (F
′)d. So x′α ∧ u
′ = x′α ∧ u
′
1
w∗
−→ 0. 
Using the same method, we have also:
Proposition 2.8. Let A be a sublattice of a Banach lattice E and (xα) a net in A such
that xα
uaw
−−→ 0 in A. Then xα
uaw
−−→ 0 in E, if one of the following valids:
(1) A is majorizing in E.
(2) A is norm dense in E.
(3) A is a projection band in E.
Corollary 2.9. For Banach lattice E, the following hold.
(1) If E ′ has order continuous norm and A be a sublattice of E ′. For x′α
uaw∗
−−−→ 0 in A,
then x′α
uaw∗
−−−→ 0 in E ′.
(2) If E has order continuous norm and B be a sublattice of E. For xα
uaw
−−→ 0 in B,
then xα
uaw
−−→ 0 in E.
Proof. (1) For y′α
uaw∗
−−−→ 0 in A. By Proposition 2.7(1), y′α
uaw∗
−−−→ 0 in the ideal IA generated
by A in E ′. It follows from Proposition 2.7(2) that y′α
uaw∗
−−−→ 0 in the norm closure IA.
Hence IA is a projection band in E
′ since E ′ has order continuous norm. According to
Proposition 2.7(3), y′α
uaw∗
−−−→ 0 in E ′.
(2) is similar to (1). 
According to [10, Corollary 4.6], xα
un
−→ 0 in Banach lattice E iff xα
un
−→ 0 in E ′′ whenever
E ′′ has order continuous norm. Considering the standard basis (en) of lp(1 ≤ p <∞), (en)
is unbounded norm convergent to zero, but not convergent to zero. And considering the
standard basis (en) of c0, it is unbounded norm convergent to zero, but not unbounded
norm convergent to zero in (c0)
′′ = l∞.
A Banach lattice E is said KB-space if every norm bounded increasing sequence in E
is convergent. According to [10, Corollary 4.5], if E is a KB-space (E is a projection band
in E ′′), then xα
un
−→ 0 in E iff xα
un
−→ 0 in E ′′. In fact, we have the weaker condition.
But we also find that any net uaw∗-convergent in l1 iff it is uaw
∗-convergent in ba(2N ) =
(l∞)
′ = (l1)
′′. We can even find that a net uaw∗-convergent in any dual Banach lattice E ′
iff it is uaw∗-convergent in E ′′′. It is natural to ask which space is satified the condition.
Recall that a subset A of a Riesz space (Banach lattice) E is called b-order bounded
in E if it is order bounded in E∼∼(E ′′). A Riesz space (Banach lattice) is said to have
property (b) if A is order bounded in E whenever A is b-order bounded in E (see [22] for
details).
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A Riesz space (Banach lattice) E has property (b) if and only if for each net (xα) in E
with 0 ≤ xα ↑ xˆ for some xˆ ∈ E
∼∼(E ′′), (xα) is order bounded in E. Every KB-space and
C(K) for some compact Hausdorff space K have property (b).
Proposition 2.10. If a Banach lattice E has property (b), then (xα) is unbounded norm
convergent in E iff (xα) is unbounded normv convergent in E
′′.
Proof. Let (xα) be a un-null net in E and for any uˆ ∈ E
′′ = E∼∼. It follows from [10,
Theorem 4.3(1)] that xα
un
−→ 0 in the ideal IE generated by E. Its easy to verify that
|xα| ∧ uˆ = |xα| ∧
∨
β≤α |xβ | ∧ uˆ and
∨
β≤α |xβ| ∧ uˆ ∈ IE . Since E has property (b) and
(
∨
β≤α |xβ| ∧ uˆ) ↑≤ uˆ, so these exsit a u0 ∈ I
+
E such that (
∨
β≤α |xβ| ∧ uˆ) ≤ u0. Since
xα
un
−→ 0 in IE , then |xα| ∧ u0 −→ 0, so |xα| ∧ uˆ = |xα| ∧
∨
β≤α |xβ | ∧ uˆ is convergent to
zero. 
Recall that a dual E ′ of Banach lattice E is said to be separates the points of E whenever
there exists some f ∈ E ′ such that f(x) 6= 0 for all 0 6= x ∈ E.
A Riesz subspace F of Riesz space E is said to be order dense if for every 0 < x ∈ E
there exsits 0 < y ∈ F such that y ≤ x. A Riesz subspace F of Riesz space E is called to
be regular if every subset of f having an infimum (supremum) in F has the same infimum
(supremum) in E. Every order dense sublattice is regular by [16, Proposition 0.2.3]. The
following result show the uaw-convergence can extend to bidual.
Proposition 2.11. Let E be a Banach lattice and E∼n separates the points of E, for a net
(xα) ⊂ E, then xα
uaw
−−→ 0 in E iff xα
uaw
−−→ 0 in E ′′.
Proof. ⇐ obvious.
⇒ It follows from Proposition 2.8(1) that xα
uaw
−−→ 0 in the order dense ideal IE generated
by E. According to Nakano theorem ([3, Theorem 1.70]), IE is a dense ideal of (E
∼
n )
∼
n . For
some uˆ ∈ (E∼n )
∼
n , there exsits some u ∈ IE such that x
′′′(uˆ−u) < ǫ for all x′′′ ∈ E ′′′. Hence
there exsits also a n0 ∈ N such that x
′′′(|xα| ∧ u) < ǫ whenever n ≥ n0 since xα
uaw
−−→ 0 in
IE .
Theorefore x′′′(|xα|∧uˆ) = x
′′′(|xα|∧u)+x
′′′(|xα|∧uˆ−|xα|∧u) ≤ x
′′′(|xα|∧u)+x
′′′(uˆ−u) ≤
2ǫ whenever n ≥ n0. So xα
uaw
−−→ 0 in (E∼n )
∼
n , moreover xα
uaw
−−→ 0 in E ′′ since (E∼n )
∼
n is a
projection band of E ′′ = E∼∼ by Proposition 2.8(3). 
Remark 2.12. Using the same method of Proposition 2.11, we can find that uaw∗-
convergence in dual Banach lattice E can be extended to E ′′′. In orther word, it is easy to
verify that E ′ has property (b). Using the same method of Proposition 2.10, we have that
a net is uaw∗-null in any dual Banach lattice E ′ iff it is uaw∗-null in E ′′′.
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It is clear that every sequence which is absolute weak* convergent is uaw∗-convergent,
but the converse does not hold in general. Considering (n2en) ((en) is the unit vectors of
l∞), it is uaw
∗-null and not is aw∗-null.
For every u′ ∈ E ′, let (xα) be a disjoint net, the net (|x
′
α| ∧ u) is order bounded disjoint
net, so it is w-null, moreover it is w∗-null. And combine [6, Lemma 1.1], [7, Corollary 2.9]
and [11, Lemma 2], we have the following result.
Proposition 2.13. Every disjoint net in a (dual) Banach lattice E ′ is uo-null, uaw-null
and uaw∗-null.
Whose dual space every uaw∗-convergenct sequence is w∗-convergent? Considering the
standrad basis (en) of lp(1 < p <∞), then nen
uaw∗
−−−→ 0, so it is w∗-null and is bounded, it
is contraction. Hence, we consider the norm bounded sequence.
Combine [6, Theorem 2.1], [11, Proposition 5] and [10, Theorem 8.1], we have:
Theorem 2.14. Let E be an Banach lattice.The following are equivalent:
(1) E has order continuous norm;
(2) for any norm bounded net (x′α) in E
′,if x′α
uaw∗
−−−→ 0,then x′α
σ(E′,E)
−−−−→ 0;
(3) for any norm bounded net (x′α) in E
′,if x′α
uaw∗
−−−→ 0,then x′α
|σ|(E′,E)
−−−−−→ 0;
(4) for any norm bounded sequence (x′n) in E
′,if x′n
uaw∗
−−−→ 0,then x′n
σ(E′,E)
−−−−→ 0.
(5) for any norm bounded sequence (x′n) in E
′,if x′n
uaw∗
−−−→ 0,then x′n
|σ|(E′,E)
−−−−−→ 0.
(6) for any norm bounded net (x′α) in E
′,if x′α
uaw
−−→ 0,then x′α
σ(E′,E)
−−−−→ 0;
(7) for any norm bounded net (x′α) in E
′,if x′α
uaw
−−→ 0,then x′α
|σ|(E′,E)
−−−−−→ 0;
(8) for any norm bounded sequence (x′n) in E
′,if x′n
uaw
−−→ 0,then x′n
σ(E′,E)
−−−−→ 0.
(9) for any norm bounded sequence (x′n) in E
′,if x′n
uaw
−−→ 0,then x′n
|σ|(E′,E)
−−−−−→ 0.
(10) for any norm bounded net (x′α) in E
′,if x′α
uo
−→ 0,then x′α
σ(E′,E)
−−−−→ 0;
(11) for any norm bounded net (x′α) in E
′,if x′α
uo
−→ 0,then x′α
|σ|(E′,E)
−−−−−→ 0;
(12) for any norm bounded sequence (x′n) in E
′,if x′n
uo
−→ 0,then x′n
σ(E′,E)
−−−−→ 0.
(13) for any norm bounded sequence (x′n) in E
′,if x′n
uo
−→ 0,then x′n
|σ|(E′,E)
−−−−−→ 0.
In additions, if E ′ has order continuous norm, then these conditions are equivalent to
(14) for any norm bounded net (x′α) in E
′,if x′α
un
−→ 0,then x′α
σ(E′,E)
−−−−→ 0.
(15) for any norm bounded net (x′α) in E
′,if x′α
un
−→ 0,then x′α
|σ|(E′,E)
−−−−−→ 0.
(16) for any norm bounded sequence (x′n) in E
′,if x′n
un
−→ 0,then x′n
σ(E′,E)
−−−−→ 0
(17) for any norm bounded sequence (x′n) in E
′,if x′n
un
−→ 0,then x′n
|σ|(E′,E)
−−−−−→ 0
Proof. Since x′α
uaw∗
−−−→ 0 iff |x′α|
uaw∗
−−−→ 0, it is clear that (2)⇔ (3) and (4)⇔ (5).
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(1)⇒ (3) Let E be order continuous Banach lattice. Suppose (x′α) is norm bounded and
x′α
uaw∗
−−−→ 0 in E ′. Pick any x ∈ E+, for any ǫ > 0, by [3, Theorem 4.18], there exists u
′ ∈ E ′+
such that (|x′α| − u
′)+(x) < ǫ for all α. Since (|x′α| − u
′)+(x) = |x′α|(x) − |x
′
α| ∧ u
′(x) < ǫ
and |x′α| ∧ u
′ w
∗
−→ 0, so we have x′α
|σ|(E′,E)
−−−−−→ 0.
(3)⇒ (5) Obvious.
(5)⇒ (1) For any bounded disjoint sequence (x′n) in E
′. It follows from Proposition 2.13
that x′n
uaw∗
−−−→ 0. Thus, x′n
w∗
−→ 0. According to [4, Corollary 2.4.3], E ′ has order continuous
norm.
⇔ (6− 9) By [11, Proposition 5]. In orther word, According to x′α
uaw
−−→ 0⇒ x′α
uaw∗
−−−→ 0,
and every disjoint net is uaw-null by Proposition 2.13, we have the result.
⇔ (10− 13) By [6, Theorem 2.1]. In orther word, According to Proposition 2.5(1), thus
x′α
uo
−→ 0 ⇒ x′α
uaw∗
−−−→ 0, and every disjoint net is uo-null by Proposition 2.13, we have the
result.
⇔ (14− 17) By [10, Theorem 8.1]. In orther words, if E ′ has order continuous norm, it
follows from [11, Theorem 4] that x′α
uaw
−−→ 0⇔ x′α
un
−→ 0, therefore these are equivalent. 
Dually, combine [8, Corollary 2.5] and [11, Theorem 7], using [3, Theorem 4.18] and
Proposition 2.5(2), we have:
Theorem 2.15. Let E be an Banach lattice.The following are equivalent:
(1) E ′ has order continuous norm;
(2) for any norm bounded net (xα) in E
′,if xα
uaw
−−→ 0,then xα
σ(E,E′)
−−−−→ 0;
(3) for any norm bounded net (xα) in E
′,if xα
uaw
−−→ 0,then xα
|σ|(E,E′)
−−−−−→ 0;
(4) for any norm bounded sequence (xn) in E,if xn
uaw
−−→ 0,then xn
σ(E,E′)
−−−−→ 0.
(5) for any norm bounded sequence (xn) in E,if xn
uaw
−−→ 0,then xn
|σ|(E,E′)
−−−−−→ 0.
In additions, if E has order continuous norm, then these conditions are equivalent to
(6) for any norm bounded net (xα) in E,if xα
uo
−→ 0,then xα
σ(E,E′)
−−−−→ 0;
(7) for any norm bounded net (xα) in E,if xα
uo
−→ 0,then xα
|σ|(E,E′)
−−−−−→ 0;
(8) for any norm bounded sequence (xn) in E
′,if xn
uo
−→ 0,then xn
σ(E,E′)
−−−−→ 0.
(9) for any norm bounded sequence (xn) in E
′,if xn
uo
−→ 0,then xn
|σ|(E,E′)
−−−−−→ 0.
(10) for any norm bounded net (xα) in E,if xα
un
−→ 0,then xα
σ(E,E′)
−−−−→ 0;
(11) for any norm bounded net (xα) in E,if xα
un
−→ 0,then xα
|σ|(E,E′)
−−−−−→ 0;
(12) for any norm bounded sequence (xn) in E
′,if xn
un
−→ 0,then xn
σ(E,E′)
−−−−→ 0.
(13) for any norm bounded sequence (xn) in E
′,if xn
un
−→ 0,then xn
|σ|(E,E′)
−−−−−→ 0.
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Now, we consider that when w∗-convergent implies uaw∗-convergent. It is clear that if
the lattice operation of a dual Banach lattice E ′ is weak* sequentially continuous, then
x′n
w∗
−→ 0 implies x′n
uaw∗
−−−→ 0 in E ′. A element e ∈ E+ is called an atom of the Riesz space
E if the principal ideal Ee is one-dimensional. E is called an atomic Banach lattice if it is
the band generated by its atoms.
Then, we study unbounded convergence in atomic Banach lattices.
According to [4, Proposition 2.5.23], the lattice operations are weakly sequentially con-
tinuous in every atomic Banach lattices with order continuous norm. In fact, we have
orther view.
According [14, Theorem 3.1], [6, Lemma 3.1] and [6, Lemma 3.3], we have the following
result.
Lemma 2.16. Let E be a Banach lattice. Then (1)⇒ (4)⇒ (5) and (2)⇒ (3)⇒ (4)⇒
(5). In additions, if E ′ has order continuous norm, then (1)⇒ (2)⇒ (3)⇒ (4)⇒ (5).
(1) For any sequence (x′n) in E
′, if x′n
w∗
−→ 0, then x′n
uo
−→ 0.
(2) For any sequence (x′n) in E
′, if x′n
w∗
−→ 0, then x′n
un
−→ 0.
(3) For any sequence (x′n) in E
′, if x′n
w∗
−→ 0, then x′n
uaw
−−→ 0.
(4) For any sequence (x′n) in E
′, if x′n
w∗
−→ 0, then x′n
uaw∗
−−−→ 0.
(5) E ′ is atomic.
Proof. (1)⇒ (4) According to Proposition 2.5(1).
(2)⇒ (3)⇒ (4) Obvious.
(4) ⇒ (5) Assume that E ′ is not atomic, it follows from [14, Theorem 3.1] that there
exsits a sequence (x′n) ⊂ E
′ such that x′n
w∗
−→ 0 and |x′n| = x
′ > 0 for all n ∈ N and some
x′ ∈ E ′. Then |x′n| ∧ x
′ = x′ 9 0 by σ(E ′, E), it is absurd.
(1)⇒ (2)⇒ (3)⇒ (4)⇒ (5) By Proposition 2.5(3). 
Lemma 2.17. Let E be a Banach lattice. The following are equivalent:
(1) E is order continuous.
(2) Every bounded simultaneously uaw∗ and w∗-convergent net in E ′ converges to the
same limit.
(3) Every bounded simultaneously uaw and w∗-convergent net in E ′ converges to the
same limit.
(4) Every bounded simultaneously uo and w∗-convergent net in E ′ converges to the same
limit.
In additions, if E ′ is order continuous, then these conditions are equivalent to
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(5) Every bounded simultaneously un and w∗-convergent net in E ′ converges to the
same limit.
Proof. (1)⇒ (2), (1)⇒ (3) and (1)⇒ (4) By Theorem 2.14.
(2) ⇒ (1), (3) ⇒ (1) and (4) ⇒ (1) Assume that E is not order continuous, by [4,
Corollary 2.4.3], then there exsits a bounded disjoint sequence (x′n) which does not w
∗-
null. Accoding to Proposition 2.13, it is uo-null, uaw-null and uaw∗-null, it is contraction.
Therefore E is order continuous. In orther words, (2) ⇒ (1) and (3) ⇒ (1) can use the
same method.
⇔ (5) By [11, Theorem 4], x′α
uaw
−−→ 0 ⇔ x′α
un
−→ 0 for every net (x′α) in E
′ with order
continuous norm. 
Combine [6, Theorem 3.4], [10, Theorem 8.4] and [11, Proposition 11], we describe the
atomic Banach lattices with order continuous norm.
Theorem 2.18. Let E be a Banach lattice. The following are equivalent:
(1) E is atomic and order continuous.
(2) E is Dedekind σ-complete and E ′ is atomic.
(3) for every net (x′α) in E
′, if x′α
w∗
−→ 0, then x′α
uo
−→ 0.
(4) for every sequence (x′n) in E
′, if x′n
w∗
−→ 0, then x′n
uo
−→ 0.
(5) for every net (x′α) in E
′, if x′α
w∗
−→ 0, then x′α
uaw∗
−−−→ 0.
(6) for every sequence (x′n) in E
′, if x′n
w∗
−→ 0, then x′n
uaw∗
−−−→ 0.
In additions, if E ′ is order continuous, then these conditions are equivalent to
(7) for every net (x′α) in E
′, if x′α
w∗
−→ 0, then x′α
un
−→ 0.
(8) for every sequence (x′n) in E
′, if x′n
w∗
−→ 0, then x′n
un
−→ 0.
(9) for every net (x′α) in E
′, if x′α
w∗
−→ 0, then x′α
uaw
−−→ 0.
(10) for every sequence (x′n) in E
′, if x′n
w∗
−→ 0, then x′n
uaw
−−→ 0.
Proof. (1)⇔ (2) By [24, Theorem 2.3].
(2)⇒ (3) Let (γ)γ∈Γ be a complete disjoint system of atoms of E
′ and (x′α) be weak* null
sequence in E ′. Clearly, E ′ is a order dense sublattice of RΓ which is the vector lattice of
all real-valued functions on Γ by [16, Proposition 0.2.10]. Let (fγ) be coordinate functional
on E ′ and Pγ be corresponding band projection as x
′
α =
∑
Γ Pγx
′
α =
∑
Γ fγ(x
′
α)γ.
Since x′α
w∗
−→ 0, so x′α(x) =
∑
Γ(fγ(x
′
α)γ)(x)→ 0 for every x ∈ E. Therefore fγ(x
′
α)→ 0,
so (x′α) converges pointwise to zero in R
Γ, hence x′α
uo
−→ 0 in RΓ, therefore x′α
uo
−→ 0 in E ′.
(3)⇒ (4) and (5)⇒ (6) are obvious. (3)⇒ (5) and (4)⇒ (6) By Proposition 2.5(1).
(6)⇒ (2) It follows from Lemma 2.17 that E is order continuous, hence E is Dedekind
σ-complete. And according to Lemma 2.16, E ′ is atomic.
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⇔ (7 − 10) It follows from Proposition 2.5(3) that x′α
uo
−→ 0⇒ x′α
un
−→ 0⇒ x′α
uaw
−−→ 0⇒
x′α
uaw∗
−−−→ 0, therefore we have the result.
In additions, to show the use of unbounded convergence, we prove the (1)⇒ (3). Since
E is atomic, hence let E ′ = E ′1 ⊕ E
′
2, where E
′
1 is the projection band generated by the
atoms and E ′2 is the complementary band. So we write x
′ = x′1 + x
′
2 such that x
′
1 ∈ E
′
1
and x′2 ∈ E
′
2 for all x
′ ∈ E ′. It is similar to (2) ⇒ (3) that x′α1
uo
−→ 0. We claim that
x′α2
uo
−→ 0. If not, then x′α 9 0 by uo-convergence, it follows from Lemma 2.17, E is not
order continuous, it is contraction. 
Now, we study the sequence is uaw∗ and w∗-convergent simultaneously.
Proposition 2.19. Let E be a Dedekind σ-complete Banach lattice, and x′n
w∗
−−−→
uaw∗
0, then
x′n
|σ|(E′,E)
−−−−−→ 0.
Proof. Fix any x ∈ E+, for any ǫ > 0, by [3, Theorem 4.42], there exists u
′ ∈ E ′+ in
the ideal generated by (x′n) such that |x
′
n|(x) − |x
′
n| ∧ u
′(x) < ǫ. Since x′n
uaw∗
−−−→ 0, hence
|x′n|
w∗
−→ 0. 
Corollary 2.20. For Dedekind σ-complete Banach lattice and w∗-null sequence (x′n), if
x′n
uaw
−−→ 0 (x′n
un
−→ 0, x′n
uo
−→ 0), then |x′n|
w∗
−→ 0.
Corollary 2.21. ([17, Lemma 2.2]) For Dedekind σ-complete Banach lattice and disjoint
w∗-null sequence (x′n), then |x
′
n|
w∗
−→ 0.
The following results are similar to [5, Section 4], we use uaw∗-convergence to describe
the space properties of Banach lattices. Recall that a Banach lattice E is said to have the
positive Grothendick property if every positive w∗-null sequence in E ′ is w-null. Clearly,
reflexive Banach lattices and Dedekind σ-complete AM-space are Grothendieck space.
Proposition 2.22. Let E be a Dedekind σ-complete Banach lattice. The following are
equivalent:
(1) E has positive Grothendick property.
(2) for any sequence (x′n) ⊂ E
′, if x′n
uaw∗
−−−→
w∗
0, then x′n
|σ|(E′,E′′)
−−−−−−→ 0.
(3) for any sequence (x′n) ⊂ E
′, if x′n
uaw∗
−−−→
w∗
0, then x′n
σ(E′,E′′)
−−−−−→ 0.
(4) for any sequence (x′n) ⊂ E
′, if x′n
uo
−→
w∗
0, then x′n
|σ|(E′,E′′)
−−−−−−→ 0.
(5) for any sequence (x′n) ⊂ E
′, if x′n
uo
−→
w∗
0, then x′n
σ(E′,E′′)
−−−−−→ 0.
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In additions, if E ′ is order continuous, then these conditions are equivalent to
(6) for any sequence (x′n) ⊂ E
′, if x′n
un
−→
w∗
0, then x′n
|σ|(E′,E′′)
−−−−−−→ 0.
(7) for any sequence (x′n) ⊂ E
′, if x′n
un
−→
w∗
0, then x′n
σ(E′,E′′)
−−−−−→ 0.
(8) for any sequence (x′n) ⊂ E
′, if x′n
uaw
−−→
w∗
0, then x′n
|σ|(E′,E′′)
−−−−−−→ 0.
(9) for any sequence (x′n) ⊂ E
′, if x′n
uaw
−−→
w∗
0, then x′n
σ(E′,E′′)
−−−−−→ 0.
Proof. (1)⇒ (2) By Proposition 2.19 and the definition of positive Grothendick property.
(2)⇒ (3) Obvious.
(3) ⇒ (1) For any x′n ↓ 0, since x
′
n ∈ E
∼ = E ′, so x′n
w∗
−→ 0 and x′n
uaw∗
−−−→ 0, by
assumption, x′n
w
−→ 0. By Dani theorem ([3, Theorem 3.52]), x′n → 0, therefore E is
σ-order continuous, moreover E is order continuous by [3, Theorem 4.9].
For every positive disjoint w∗-null sequence (x′n), by Lemma 2.13, x
′
n
uaw∗
−−−→ 0, hence
x′n
w
−→ 0, so E is positive Grothendick space by [4, Theorem 5.3.13].
⇔ (4− 9) By Proposition 2.5(1), 2.5(3) and Proposition 2.13. 
Recall that a Banach space E is said to have the Schur property if xn → 0 for every w-
null sequence (xn) in E, similarly, a Banach space E is said to have the dual Schur property
if x′n → 0 for every w
∗-null sequence (x′n) in E
′. A Banach lattice E is said to have the
dual positive Schur property if every positive w∗-null sequence in E ′ is norm-null. It is
easily seen that C(K) has the dual positive Schur property for some compact Hausdorff
space K, moreover which is positive Grothendick space.
Proposition 2.23. Let E be Dedekind σ-complete Banach lattice, the following are equiv-
alent:
(1) E has the dual positive Schur property.
(2) for any sequence (x′n) ⊂ E
′, if x′n
uaw∗
−−−→
w∗
0, then x′n → 0.
(3) for any sequence (x′n) ⊂ E
′, if x′n
uo
−→
w∗
0, then x′n → 0.
In additions, if E ′ has order continuous norm, then these conditions are equivalent to
(4) for any sequence (x′n) ⊂ E
′, if x′n
un
−→
w∗
0, then x′n → 0.
(5) for any sequence (x′n) ⊂ E
′, if x′n
uaw
−−→
w∗
0, then x′n → 0.
Proof. (1)⇒ (2) By Proposition 2.19 and the definition of positive Schur property.
(2)⇒ (1) for any positive disjoint w∗-null sequence (x′n) ⊂ E
′, by Lemma 2.13, x′n
uaw∗
−−−→
0, hence x′n → 0, therefore E has the dual positive Schur property by [15, Proposition 2.3].
⇔ (3− 5) By Proposition 2.5(3) and Proposition 2.13. 
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Dedekind σ-complete in the above conclusions can not be omitted (see [6, Example 4.2]
for details). Now we describe reflexive Banach lattice by uaw∗-convergence.
Theorem 2.24. For a Banach lattice E, the following are equivalent:
(1) E is reflexive.
(2) for every bounded net (x′α) ⊂ E
′, if x′α
uaw∗
−−−→ 0, then x′α
w
−→ 0.
(3) for every bounded sequence (x′n) ⊂ E
′, if x′n
uaw∗
−−−→ 0, then x′n
w
−→ 0.
(4) for every bounded net (x′α) ⊂ E
′, if x′α
uo
−→ 0, then x′α
w
−→ 0.
(5) for every bounded sequence (x′n) ⊂ E
′, if x′n
uo
−→ 0, then x′n
w
−→ 0.
In addition, if E ′ has order continuous norm, then these conditions are equivalent to
(6) for every bounded net (x′α) ⊂ E
′, if x′α
un
−→ 0, then x′α
w
−→ 0.
(7) for every bounded sequence (x′n) ⊂ E
′, if x′n
un
−→ 0, then x′n
w
−→ 0.
(8) for every bounded net (x′α) ⊂ E
′, if x′α
uaw
−−→ 0, then x′α
w
−→ 0.
(9) for every bounded sequence (x′n) ⊂ E
′, if x′n
uaw
−−→ 0, then x′n
w
−→ 0.
Proof. (1)⇒ (2) Since E is reflexive, then E and E ′ are KB-space by [3, Theorem 4.70].
For any bounded x′α
uaw∗
−−−→ 0, according to Theorem 2.14, we have x′α
w∗
−→ 0, therefore
x′α
w
−→ 0 since E is reflexive.
(2)⇒ (3) obvious.
(3)⇒ (1) E is reflexive iff E ′ is reflexive, hence we show that E ′ and E ′′ are KB-spaces.
For any x′n ↓ 0, we have |x
′
n|
w∗
−→ 0, hence x′n
uaw∗
−−−→ 0, by assumption, x′n
w
−→ 0. By Dani
theorem ([3, Theorem 3.52]), x′n → 0, hence E
′ is σ-order continuous. And since E ′ is
Dedekind complete, so E ′ is order continuous by [16, Theorem 1.1], therefore E ′ is KB-
space by [3, Theorem 4.59]. We claim that E ′′ is also KB-space. Suppose that E ′′ is not
KB-space, then E ′ has a lattice copy of l1 by [4, Theorem 2.4.14], considering the standard
basis (en) of l1, en
uaw∗
−−−→ 0 in E ′ by Proposition 2.13. But it is not weakly null in l1, thus
it is not weakly null in E ′. It is contraction, so E ′′ is KB-space, we complete the proof.
⇔ (6− 9) By Proposition 2.5(1), 2.5(3) and Proposition 2.13. 
Theorem 2.25. For a Banach lattice E, the following are equivalent:
(1) E is atomic and reflexive.
(2) E ′ is atomic and reflexive.
(3) for every bounded net (x′α) ⊂ E
′, x′α
uaw∗
−−−→ 0 iff x′α
w
−→ 0.
(4) for every bounded sequence (x′n) ⊂ E
′, x′n
uaw∗
−−−→ 0 iff x′n
w
−→ 0.
(5) for every bounded net (x′α) ⊂ E
′, x′α
uo
−→ 0 iff x′α
w
−→ 0.
(6) for every bounded sequence (x′n) ⊂ E
′, x′n
uo
−→ 0 iff x′n
w
−→ 0.
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In addition, if E ′ has order continuous norm, then these conditions are equivalent to
(7) for every bounded net (x′α) ⊂ E
′, x′α
un
−→ 0 iff x′α
w
−→ 0.
(8) for every bounded sequence (x′n) ⊂ E
′, x′n
un
−→ 0 iff x′n
w
−→ 0.
(9) for every bounded net (x′α) ⊂ E
′, x′α
uaw
−−→ 0 iff x′α
w
−→ 0.
(10) for every bounded sequence (x′n) ⊂ E
′, x′n
uaw
−−→ 0 iff x′n
w
−→ 0.
Proof. (1)⇔ (2) By [24, Corollary 2.6].
(1)⇒ (3) Assume that x′α
uaw∗
−−−→ 0, it follows from Theorem 2.24, we have x′α
w
−→ 0. For
the converse, if x′α
w
−→ 0, clearly, x′α
w∗
−→ 0, according to Theorem 2.18, hence x′α
uaw∗
−−−→ 0.
(3)⇒ (4) is obvious.
(4) ⇒ (2) It is similar to Theorem 2.24, we have E is reflexive, hence E ′ is reflexive,
hence E ′ is order continuous. We claim that E is atomic. If not, let E ′ = E ′1 + E
′
2, where
E ′1 is the projection band generated by the atoms and E
′
2 is the complementary band. So
we write x′ = x′1 + x
′
2 such that x
′
1 ∈ E
′
1 and x
′
2 ∈ E
′
2 for all x
′ ∈ E ′. Then it follows
from [13, Theorem 2.2] that there exsits a sequence (x′n) ⊂ E
′ such that x′n
w
−→ 0 and
|x′n2| = x
′ > 0 for all n ∈ N and some x′ ∈ E ′. Then |x′n2| ∧ x
′ = x′ 9 0 by σ(E ′, E),
hence (x′n) is not uaw
∗-null, it is absurd. Therefore E ′ is atomic.
⇔ (5− 6) are similar to ⇔ (3− 4). ⇔ (7− 10) By Proposition 2.5(3). 
3.. researches of L-weakly compact, limited, Dunford-Pettis and L set by
unbounded convergence
Let us recall that a bounded subset A of Banach space X is called a DunfordPettis
(limited) set in X if each w(w∗)-null sequence in X ′ converges uniformly to zero on A.
Clearly, every limited set in X is a DunfordPettis set, but the converse is not true in
general. In the dual Banach space X ′, a bounded subset B of X ′ is called a L-set in X ′ if
each w-null sequence in X converges uniformly to zero on B. Clearly, every Dunford-Pettis
set in X ′ is L set.
Recently, several papers introduce and study almost limited (Dunford-Pettis, L) set (see
[17–19] for details) in Banach lattices. Recall that a bounded subset A of Banach lattice
E is called a almost DunfordPettis (limited) set in E if each disjoint w(w∗)-null sequence
in E ′ converges uniformly to zero on A. Clearly, every almost limited set in E is a almost
DunfordPettis set, but the converse is not true in general. In the dual Banach space E ′,
a bounded subset B of E ′ is called a almost L-set in E ′ if each w-null sequence in E
converges uniformly to zero on B. Clearly, every almost Dunford-Pettis set in E ′ is almost
L set, every limited (resp. Dunford-Pettis, L) set is almost limited (resp. Dunford-Pettis,
L) set.
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It is natural to consider that these sets defined by unbounded convergence in Banach
lattices. We got amazing results.
Recall that a bounded subset A in Banach lattice E is said to be L-weakly compact if
every disjoint sequence in the solid hull of A is convergent to zero. Ea is the maximal ideal
in Banach lattice E on which the induced norm is order continuous as
Ea = {x ∈ E : every monotone sequence in [0, |x|] is convergent}.
([4, Page 71]) Let E be Riesz space, for every non-empty subsets A ⊂ E and B ⊂ E∼, we
define the generated absolutely monotone seminorms
ρA(x
′) = sup
x∈A
{|x′|(|x|)}, ρB(x) = sup
x′∈B
{|x′|(|x|)}.
The following results will be used throughout this paper. These are [4, Proposition 3.6.2
and Proposition 3.6.3]
Proposition 3.1. Let E be Banach lattice, for every non-empty bounded subset A ⊂ E,
the following are equivalent.
(1) A is L-weakly compact.
(2) ρA(x
′
n)→ 0 for every disjoint sequence (x
′
n) ⊂ BE′.
(3) For every ǫ > 0, there exsits x ∈ Ea+ such that A ⊂ [−x, x] + ǫ · BE.
Proposition 3.2. Let E be Banach lattice, for every non-empty bounded subset B ⊂ E ′,
the following are equivalent.
(1) B is L-weakly compact.
(2) ρB(xn)→ 0 for every disjoint sequence (xn) ⊂ BE.
(3) For every ǫ > 0, there exsits 0 < x′ ∈ E ′a such that B ⊂ [−x
′, x′] + ǫ · BE′.
Lemma 3.3. Let E be a Banach lattice and let A be a norm bounded set in E, B be a
norm bounded set in E ′, for every ǫ > 0, the following hold.
(1) If there exsits a bounded subset Aǫ ⊂ E such that A ⊂ Aǫ+ǫ·BE and supx∈Aǫ |x
′
n(x)| →
0 for every norm bounded uaw∗-null sequence (x′n) ⊂ E
′, then supx∈A |x
′
n(x)| → 0.
(2) If there exsits a bounded subset Aǫ ⊂ E such that A ⊂ Aǫ+ǫ·BE and supx∈Aǫ |x
′
n(x)| →
0 for every norm bounded uaw-null sequence (x′n) ⊂ E
′, then supx∈A |x
′
n(x)| → 0.
(3) If there exsits a bounded subset Aǫ ⊂ E such that A ⊂ Aǫ+ǫ·BE and supx∈Aǫ |x
′
n(x)| →
0 for every norm bounded uo-null sequence (x′n) ⊂ E
′, then supx∈A |x
′
n(x)| → 0.
(4) If there exsits a bounded subset Bǫ ⊂ E
′ such that B ⊂ Bǫ+ǫ·BE′ and supx′∈Bǫ |x
′(xn)| →
0 for every norm bounded uaw-null sequence (xn) ⊂ E, then supx′∈B |x
′(xn)| → 0.
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(5) If there exsits a bounded subset Bǫ ⊂ E
′ such that B ⊂ Bǫ+ǫ·BE′ and supx′∈Bǫ |x
′(xn)| →
0 for every norm bounded uo-null sequence (xn) ⊂ E, then supx′∈B |x
′(xn)| → 0.
Proof. (1) Let (x′n) be a bounded uaw
∗-null sequence in E ′. For any ǫ > 0, there exsits a
n0 ∈ N such that supx∈Aǫ |x
′
n(x)| < ǫ whenever n > n0. By hypothesis, A ⊂ Aǫ + ǫ · BE ,
hence supx∈A |x
′
n(x)| ≤ supx∈Aǫ |x
′
n(x)| + ǫ = 2ǫ. According to the arbitrariness of ǫ,
therefore supx∈A |x
′
n(x)| → 0.
(2− 5) are similar. 
Theorem 3.4. Let E be Banach lattice, for every non-empty bounded subset A ⊂ E, the
following are equivalent.
(1) A is L-weakly compact.
(2) supx∈A |x
′
n(x)| → 0 for every norm bounded uaw
∗-null sequence (x′n) ⊂ E
′.
(3) supx∈A |x
′
n(x)| → 0 for every norm bounded uaw-null sequence (x
′
n) ⊂ E
′.
(4) supx∈A |x
′
n(x)| → 0 for every norm bounded uo-null sequence (x
′
n) ⊂ E
′.
In addition, if E ′ has order continuous norm, then these conditions are equivalent to
(5) supx∈A |x
′
n(x)| → 0 for every norm bounded un-null sequence (x
′
n) ⊂ E
′.
Proof. (2)⇒ (3) obvious. (2)⇒ (4) By Proposition 2.5(1).
(4)⇒ (1) For any disjoint sequence (x′n) in BE′, according to Proposition 2.13, x
′
n
uo
−→ 0.
Since ρA(x
′
n) = supx∈A{|x
′
n||(x)|} = supx∈A{|fn(x)| : |fn| ≤ |x
′
n|}. Clearly, fn
uo
−→ 0, hence
ρA(x
′
n)→ 0. It follows Proposition 3.1(2) that A is L-weakly compact set.
(3)⇒ (1) is similar (4)⇒ (1).
(1)⇒ (2) Let A be L-weakly compact set. Since (Ea) is a closed ideal of E, hence (Ea)′
is a band of E ′, therefore (Ea)′ is a projection band since E ′ is Dedekind complete. Let
E ′1 = (E
a)′ be the projection band of E ′ and E ′2 be the complementary band of E
′
1, write
E ′ = E ′1 ⊕ E
′
2 and x
′ = x′1 + x
′
2 such that x
′
1 ∈ E
′
1 and x
′
2 ∈ E
′
2 for every x
′ ∈ E ′. Since
|x′1| ∧ |x
′
2| = 0, according to [4, Proposition 1.4.10], C(x
′
2) = {x ∈ E : |x
′
2|(|x|) = 0}
d ⊥
C(x′1) = {x ∈ E : |x
′
1|(|x|) = 0}
d. Hence, x′(x) = x′1(x) for all x ∈ E
a. So for every norm
bounded uaw∗-null sequence (x′n) ⊂ E
′. Clearly, |x′n1|
uaw∗
−−−→ 0.
For any ǫ > 0, it follows from Proposition 3.1(3) that there exsits y ∈ Ea+ such that
A ⊂ [−y, y] + ǫ · BE . Hence supx∈A |x
′
n(x)| ≤ supx∈[−y,y] |x
′
n1(x)| + ǫ. Since (x
′
n1) ⊂ E
′
1 =
(Ea)′, it follows from Theorem 2.14 that |x′n1|
w∗
−→ 0. Hence there exsits a n0 ∈ N such
that supx∈[−y,y] |x
′
n1(x)| = |x
′
n1|(y) < ǫ whenever n ≥ n0. According to the arbitrariness of
ǫ and Lemma 3.3, hence supx∈A |x
′
n(x)| ≤ supx∈A |x
′
n1(x)|+ ǫ→ 0.
⇔ (5) By [11, Theorem 4]. 
The following result describes a L-weakly compact set in a dual Banach lattice.
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Theorem 3.5. Let E be Banach lattice and E∼n separates the points of E, for every non-
empty bounded subset B ⊂ E ′, the following are equivalent.
(1) B is L-weakly compact.
(2) supx′∈B |x
′(xn)| → 0 for every norm bounded uaw-null sequence (xn) ⊂ E.
(3) supx′∈B |x
′(xn)| → 0 for every norm bounded uo-null sequence (xn) ⊂ E.
In addition, if E has order continuous norm, then these conditions are equivalent to
(4) supx′∈B |x
′(xn)| → 0 for every norm bounded un-null sequence (xn) ⊂ E.
Proof. (2)⇒ (1) and (3)⇒ (1) by Proposition 2.13.
(1)⇒ (2) It is similar to (1)⇒ (2) of Theorem 3.4. There exsits a projection P : E ′′ →
((E ′)a)
′ such that E ′′ = P (E ′′) +E ′′2 = E
′′
1 +E
′′
2 = ((E
′)a)
′ +E ′′2 , E
′′
2 is the complementary
band of ((E ′)a)
′ in E ′′. We write x′′ = x′′1 + x
′′
2 such that x
′′
1 ∈ ((E
′)a)
′ and x′′2 ∈ E
′′
2 for all
x′′ ∈ E ′′. And x′′(x′) = x′′1(x
′) for all x′ ∈ (E ′)a by [4, Proposition 1.4.11].
For a bounded uaw-null sequence (xn) ⊂ E ⊂ E
′′, clearly, x1n = Pxn
uaw
−−→ 0 in E,
therefore x1n = Pxn
uaw
−−→ 0 in the ideal IE generated by E by Proposition 2.8(1). Accodting
to Nakano theorem ([3, Theorem 1.70]), IE is a order dense ideal of (E
∼
n )
∼
n . We claim that
x1n = Pxn
uaw∗
−−−→ 0 in ((E ′)a)′.
According to [3, Theorem 1.34], we have {u ∈ IE : 0 ≤ u ≤ uˆ} ↑ uˆ for all uˆ ∈ (E
∼
n )
∼
n .
Hence we have {u(x′) : u ∈ IE, 0 ≤ u ≤ uˆ} ↑ uˆ(x
′) for all x′ ∈ E∼n . Since x
1
n
uaw
−−→ 0 in
IE , for any ǫ > 0, there exsits some u ∈ I
+
E and n0 ∈ N such that (uˆ − u)(x
′) < ǫ and
(|x1n| ∧ u)(x
′) < ǫ whenever n > n0. Therefore (|x
1
n| ∧ uˆ)(x
′) = (|x1n| ∧ u)(x
′) + (|xn1| ∧ uˆ−
|x1n| ∧ u)(x
′) ≤ (|x1n| ∧ u)(x
′) + (uˆ− u)(x′)→ 0. So x1n
uaw∗
−−−→ 0 in (E∼n )
∼
n . Since (E
∼
n )
∼
n is a
band of E ′′, according to Proposition 2.7(3), x1n
uaw∗
−−−→ 0 in E ′′, so x1n
uaw∗
−−−→ 0 in (E ′a)
′.
According to Theorem 2.14, xn1
w∗
−→ 0 in (E ′a)
′. For any ǫ > 0, it follows from Proposition
3.2(3) that there exsits y ∈ E ′a+ such that B ⊂ [−y, y]+ǫ·BE′. Since (xn1) = (Pxn) ⊂ E
′′
1 =
(E ′a)
′. Hence there exsits a n0 ∈ N such that supx′∈[−y,y] |x
′(xn1)| = |xn|(y) < ǫ whenever
n ≥ n0. According to the arbitrariness of ǫ and Lemma 3.3, hence supx′∈B |x
′(xn)| ≤
supx′∈[−y,y] |x
′(xn1)|+ ǫ→ 0.
(1)⇒ (3) It is similar to (1)⇒ (2). For bounded uo-null sequence (xn) ⊂ E, using the
same method, we have Pxn
uo
−→ 0 in E. Since E is order dense sublattice of (E∼n )
∼
n , hence
E is regular in (E∼n )
∼
n , therefore Pxn
uo
−→ 0 in (E∼n )
∼
n by [7, Theorem 3.2]. And according
to Theorem 2.14, we have Pxn
uo
−→ 0 in (E ′a)
′, the rest of the proof is similar to (1)⇒ (2).
⇔ (4) By Proposition 2.5(2) and Proposition 2.13. 
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We consider use unbounded norm convergence to describe L-weakly compact set in Ba-
nach lattice with non-order continuous dual. In fact, in this case, un-convergence has its
particularity (see [25] for more details).
Let (en) be the standard basis of l1, obviously, (en) is not L-weakly compact subset of
l1. But for any bounded un-null sequence (x
′
n). Since l∞ has strong order unit, according
to [10, Theorem 2.3], x′n → 0, hence supx∈(en) |x
′
n(x)| → 0.
Proposition 3.6. Let E be Banach lattice and E∼n separates the points of E, A be a
bounded subset in E and B be a bounded subset in E ′, then the following are hold:
(1) A is L-weakly compact set iff for each sequence (xn) ⊂ A, x
′
n(xn) → 0 for every
bounded uaw∗-null sequence (x′n) in E
′.
(2) A is L-weakly compact set iff for each sequence (xn) ⊂ A, x
′
n(xn) → 0 for every
bounded uaw-null sequence (xn) in E
′.
(3) A is L-weakly compact set iff for each sequence (xn) ⊂ A, x
′
n(xn) → 0 for every
bounded uo-null sequence (xn) in E
′.
(4) B is L-weakly compact set iff for each sequence (x′n) ⊂ B, x
′
n(xn) → 0 for every
bounded uaw-null sequence (xn) in E.
(5) B is L-weakly compact set iff for each sequence (x′n) ⊂ B, x
′
n(xn) → 0 for every
bounded uo-null sequence (xn) in E.
Proof. We prove the (1), the orthers are similar.
⇒ is obvious.
⇐ Assume by way of contradiction that A is not a L-weakly compact set of E. Then
there exists a bounded uaw∗-null sequence (x′n) ⊂ E
′ such that supx∈A |x
′
n(x)| ≥ ǫ > 0
for all n. For every n there exists some xn in A such that |x
′
n(xn)| > ǫ, it is contraction,
theorefore A is L-weakly compact set. 
We describe L-weakly compact set by disjoint sequence.
Theorem 3.7. Let A be a bounded solid subset of order continuous Banach lattice E.
Then the following statements are equivalent:
(1) A is L-weakly compact set.
(2) For every positive disjoint sequence (xn) in A and each bounded uaw
∗-null sequence
(x′n) in E
′, we have x′n(xn)→ 0.
(3) For every positive disjoint sequence (xn) in A and each bounded uaw-null sequence
(x′n) in E
′, we have x′n(xn)→ 0.
(4) For every positive disjoint sequence (xn) in A and each bounded uo-null sequence
(x′n) in E
′, we have x′n(xn)→ 0.
18 Z. WANG, Z. CHEN, AND J. CHEN
Proof. (1)⇒ (2) obvious.
(2)⇒ (1) Let (x′n) be an any bounded uaw
∗-null sequence in E ′. we have to show that
supx∈A |x
′
n(x)| → 0. Assume by way of contradiction that supx∈A |x
′
n(x)| does not converge
to zero as n→ ∞. Then there exsits some ǫ > 0 such that supx∈A |x
′
n(x)| > ǫ. Note that
the equality supx∈A |x
′
n(x)| = sup0≤x∈A |x
′
n|(x) holds, since A is solid. By Proposition 2.1
and Theorem 2.14, we have |x′n|
w∗
−→ 0. Let n1 = 1. Because |x
′
n|(4xn1)→ 0(n→∞), there
exists some 1 < n2 ∈ N such that |x
′
n2
|(4xn1) < 2
−1. Again, since |x′n|(4
2
∑2
k=1 xnk) →
0(n→∞), choose some n3 ∈ N(n1 < n2 < n3) satisfying |x
′
n3
|(42
∑2
k=1 xnk) < 2
−2. So we
can find a strictly increasing subsequence (nk)
∞
k=1 ⊂ N such that |x
′
nm+1
|(4m
∑m
k=1 xnk) <
2−m for some u′ ∈ E ′. Let
x =
∞∑
k=1
2−kxnk , ym = (xnm+1 − 4
m
m∑
k=1
xnk − 2
−mx)+.
Then by [3, Lemma 4.35], (ym) is positive disjoint sequence in A, since A is solid. Now,
we have
|x′nm+1 |(ym) = |x
′
nm+1
|(xnm+1 − 4
m
m∑
k=1
xnk − 2
−mx)+
≥ |x′nm+1 |(xnm+1 − 4
m
m∑
k=1
xnk − 2
−mx)
= |x′nm+1|(xnm+1)− |x
′
nm+1
|(4m
m∑
k=1
xnk)− 2
−m|x′nm+1 |x
> ǫ− 2−m − 2−m|x′nm+1 |x.
Let m→∞, it is clear that 2−m|x′nm+1 |x→ 0, so |x
′
nm+1
|(ym) 9 0, it is contraction to (2),
we complete the proof.
The proof of ⇔ (3)⇔ (4) are similar. 
Dually, using the same method, we have also:
Theorem 3.8. Let E be a Banach lattice with order continuous dual E ′ and E∼n separates
the points of E, for a bounded solid subset B of E ′. The following statements are equivalent:
(1) B is L-weakly compact set.
(2) For every positive disjoint sequence (x′n) ⊂ B and each bounded uaw-null sequence
(xn) in E, we have x
′
n(xn)→ 0.
(3) For every positive disjoint sequence (x′n) ⊂ B and each bounded uo-null sequence
(xn) in E, we have x
′
n(xn)→ 0.
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Relatively compact subset of a Banach lattice E is not L-weakly compact in general.
Considering the singleton {x = (1, 1, ...)} in l∞, it is relatively compact set, but it is L-
weakly compact set. Let (δn) be a sequence of coordinate functionals in ba(2
N ) = (l∞)
′,
since (δn) is disjoint, so δn
uaw∗
−−−→
uaw
0 , but δn(x) = 1 9 0, hence it is not L-weakly compact
set.
L-weakly compact set is also not relatively compact in general. Any order bounded
set in Lp[0, 1](1 ≤ p < ∞) is L-weakly compact. But considering the sequence (rn) of
Rademacher function as rn(t) = sgn sin(2
nπt), ‖rn‖ = 1 9 0 for all n ∈ N , hence (rn) is
L-weakly compact but not compact.
We study the relationship of relatively compact set and L-weakly compact set by un-
bounded convergence.
Theorem 3.9. Let E be Banach lattice, then E is order continuous if and only if every
relatively compact subset of E is L-weakly compact.
Proof. ⇒ Let A be a relatively compact set of E and (x′n) be bounded uaw
∗-null sequence
in E ′. Since E is order continuous, hence x′n
w∗
−→ by Theorem 2.14. Since A is relatively
compact subset, so for any ǫ > 0, there exsits a finite subset {xi}(i ∈ {1, 2, ...m}) and
M > 0 such that A ⊂ ∪xi +
ǫ
2M
BE . It is clear that for every i, x
′
n(xi) → 0(n → 0) and
there exsits N0 ∈ N such that x
′
n(xi) <
ǫ
2
whenever n > N0 for every i.
Hence, for any x ∈ A, there exsits xj(1 ≤ j ≤ m) such that ‖x− xj‖ <
ǫ
2M
. So
|x′n(x)| ≤ ‖x
′
n‖ · ‖x− xj‖+ |x
′
n(xj)| < ǫ
, so supx∈A |x
′
n(x)| ≤ ǫ, hence A is L-weakly compact set by Theorem 3.4(2). In fact, we
can also use bounded uaw-null and uo-null sequence to study it.
⇔ Since singleton {x} is relatively compact set, by assumption, {x} is L-weakly compact.
Let (x′n) be bounded disjoint sequence in E
′, since x′n
uaw
−−→ 0, so x′n(x) → 0 by Theorem
3.4(3), hence x′n
w∗
−→ 0, by [4, Corollary 2.4.3], E is order continuous. 
Dually, we have:
Theorem 3.10. Let E be Banach lattice, then Ea is atomic if and only if every L-weakly
compact set in E is relatively compact.
Proof. ⇒ Let A be a L-weakly compact set in E. It follows from Proposition 3.1 that for
every ǫ > 0, there exsits x ∈ Ea+ such that A ⊂ [−x, x] + ǫ · BE. By [16, Theorem 6.1],
[−x, x] is compact. And according to [3, Theorem 3.1], A is relatively compact.
⇐ Using [16, Theorem 6.1] and [3, Theorem 3.1] again, we obtain the result. 
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Corollary 3.11. For a Banach lattice E, E is atomic with order continuous norm if and
only if every relatively compact set and L-weakly compact set of E coincide.
Clearly, L-weakly compact set is relatively weakly compact. But relatively weakly com-
pact subset of a Banach lattice E is not L-weakly compact in general. The converse holds
whenever E has positive Schur property. Let (en) be the standard basis in lp(1 < p <∞),
it is clear that (en) is a relatively weakly compact subset of lp, but choose the standard
basis (e′n) in lq(
1
p
+ 1
q
= 1), it is clear that e′n
uaw∗
−−−→
uaw
0 in lq, but e
′
n(en) = 1 9 0. It is
natural to ask that when the relatively weakly compact subset is L-weakly compact. We
study positive Schur property by unbounded convergence.
Proposition 3.12. ([4, Corollary 3.6.8]) For a Banach lattice E, E has positive Schur
property if and only if every relatively weakly compact subset of E is L-weakly compact.
Proof. ⇒ Let A be a relatively weakly compact subset of E and (x′n) be bounded uaw
∗-
null sequence in E ′. Since E has positive Schur property, hence E is order continuous,
so x′n
w∗
−→ 0 by Theorem 2.14. Let S be the solid hull of A. So for any disjoint sequence
(yn) in S, we have |yn|
w
−→ 0 by [3, Theorem 4.34], so |yn| → 0 since E has positive Schur
property. Moreover x′n(|yn|) → 0. According to Theorem 3.7(2), S is L-weakly compact,
hence A is L-weakly compact.
⇐ For any weakly null sequence (xn) ⊂ E+. (xn) is a relatively wekaly compact set, so
it is L-weakly compact by assumption. So for any bounded disjoint sequence (x′n) ⊂ E
′
+,
x′n
uaw∗
−−−→ 0 by Proposition 2.13, hence x′n(xn) → 0, so xn → 0 by [23, Corollary 2.6].
Therefore E has positive Schur property. 
According to [17, Theorem 2.6], every L-weakly compact set in Banach lattice E is
almost limited set, the converse hold whenever E has order continuous norm. And by
[17, Theorem 2.8] , the class of almost limited sets, the class of almost DunfordPettis sets
and the class of almost L-sets are the same as the class of L-weakly compact sets in dual
Banach lattice E ′ whenever E ′ has order continuous norm.
Now, we study the relationship of limited (resp. Dunford-Pettis, L) sets and L-weakly
compact sets.
For a order continuous Banach lattice E, every limited set of E is relatively compact set
by [16, Theorem 4.5], hence it is L-weakly compact by Proposition 3.9. In fact, we have
orther ways by unbounded convergence.
Theorem 3.13. (1) For Banach lattice E the following are equivalent.
(a) E has order continuous norm
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(b) Every limited set in E is L-weakly compact
(c) Every relatively compact set in E is L-weakly compact.
(2) For dual Banach lattice E ′ of Banach lattice E, the following are equivalent.
(a) E ′ is order continuous.
(b) Every L set in E ′ is L-weakly compact.
(c) Every Dunford-Pettis set in E ′ is L-weakly compact.
(d) Every limited set in E ′ is L-weakly compact.
(e) Every relatively compact set in E ′ is L-weakly compact.
Proof. (1)(a) ⇒ (1)(b) Let A be a limited set in E. For any bounded uaw∗-null sequence
(x′n) ⊂ E
′, according to Theorem 2.14, we have x′n
w∗
−→ 0. Hence supx∈A|x
′
n(x)| → 0. It
follows from Proposition 3.4 that A is L-weakly compact.
(1)(b)⇒ (1)(c) Obvious. And (1)(c)⇒ (1)(a) By Theorem 3.9.
(2)(a)⇒ (2)(b) Let B be a L set in E ′. For every bounded uaw-null sequence (xn) ⊂ E,
according to Theorem 2.15, we have xn
w
−→ 0. Hence supx′∈B|x
′(xn)| → 0. It follows from
Proposition 3.5 that B is L-weakly compact.
(2)(b)⇒ (2)(c)⇒ (2)(d)⇒ (2)(e) is obvious. And (2)(e)⇒ (2)(a) by Theorem 3.9. 
Using Theorem 2.18 and Theorem 3.13, we have:
Theorem 3.14. For any Banach lattice E, the following hold.
(1) E is atomic with order continuous norm if and only if the class of relatively compact
sets, the class of limited sets and the class of L-weakly compact sets in E coincide.
(2) E ′ is atomic with order continuous norm if and only if the class of relatively compact
sets, the class of limited sets, the class of Dunford-Pettis sets, the class of L sets
and L-weakly compact sets in E ′ coincide.
Proof. (1) ⇒ Clearly, every relatively compact set in E is limited set. According to
Theorem 3.13(1), every limited set in E is L-weakly compact set. It follows from Theorem
3.10 that every L-weakly compact set in E is relatively compact. So these classes of sets
coincide.
(1)⇐ According to Theorem 3.13(1), we can get E is order continuous.
We claim that E is atomic. If not, we show that there exsits a L-weakly compact in E is
not limited and relatively compact set. According to Proposition 3.1, [−x, x] is L-weakly
compact for all x ∈ E+ since E is order continuous Banach lattice. But [−x, x] is not
relatively compact by [16, Theorem 6.1], it follows from [16, Theorem 4.5] that [−x, x] is
not limited set. It is contraction, so E is atomic.
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(2)⇒ Clearly, every relatively compact set in E is limited set, moreover it is Dunford-
Pettis sets and L sets. According to Theorem 3.13(2), every L set in E ′ is L-weakly
compact set. It follows from Theorem 3.10 that every L-weakly compact set in E is
relatively compact. So these classes of sets coincide.
(2) ⇐ According to (1), we can get E ′ order continuous. It is similar to (1). To show
E ′, we can also assume that E ′ is not atomic, and we can find a L-weakly compact set but
not L set. 
According to Corollary 3.11, we have the following result.
A Banach lattice E is said to be monotonically complete (Levi norm) if sup{xγ : γ ∈ Γ}
exsits for every bounded increasing net (xγ)γ∈Γ. A Banach lattice E is KB-space iff E
is order continuous and monotonically complete. According to Ogasawara theorem ([3,
Theorem 4.70]), E is reflexive iff E and E ′ are KB-spaces. Using Theorem 3.13 and
Theorem 3.14, we have the following results.
Corollary 3.15. For Banach lattice E with Levi norm, the following are equivalent.
(1) E is reflexive.
(2) Every limited set in E is L-weakly compact and every limited set in E ′ is L-weakly
compact.
(3) Every limited set in E is L-weakly compact and every Dunford-Pettis set in E ′ is
L-weakly compact.
(4) Every limited set in E is L-weakly compact and every L set in E ′ is L-weakly
compact.
Corollary 3.16. For Banach lattice E with Levi norm, the following are equivalent.
(1) E is atomic and reflexive.
(2) The class of limited sets and the class of L-weakly compact sets in E coincide. And
The class of limited sets and the class of L-weakly compact sets in E ′ coincide.
(3) The class of limited sets and the class of L-weakly compact sets in E coincide.
And The class of Dunford-Pettis sets and the class of L-weakly compact sets in E ′
coincide.
(4) The class of limited sets and the class of L-weakly compact sets in E coincide. And
The class of L sets and the class of L-weakly compact sets in E ′ coincide.
UNBOUNDED-CONVERGENCE 23
4.. researches of L-weakly compact and M-weakly compact operators
Proposition 4.1. Let E be Banach lattice with order continuous dual E ′ and F be Banach
lattices with order continuous norm, for order bounded operator T : E → F , if E∼n separates
the points of E, then the following hold.
(1) T [−x, x] is L-weakly compact set in F for all x ∈ E+ and T
′[−y′, y′] is also L-weakly
compact set in E ′ for all y′ ∈ F ′+.
(2) |T ′(y′n)|(z) = supy∈T [−z,z] |y
′
n(y)| → 0 for each z ∈ E+ and for every bounded uaw
∗-
null sequence (y′n) of F
′.
(3) |T ′(y′n)|(z) = supy∈T [−z,z] |y
′
n(y)| → 0 for each z ∈ E+ and for every bounded uaw-
null sequence (y′n) of F
′.
(4) |T ′(y′n)|(z) = supy∈T [−z,z] |y
′
n(y)| → 0 for each z ∈ E+ and for every bounded uo-null
sequence (y′n) of F
′.
(5) (z)(|T (xn)|) = supx′∈T ′[−z,z] |x
′(xn)| → 0 for each z ∈ F
′
+ and for every bounded
uaw-null sequence (xn) of E.
Proof. (1) Since T is order bounded operator, clearly, T ′ is also order bounded. hence
there exsits some a ∈ F+ and b ∈ E
′
+ such that T [−x, x] ⊂ [−a, a] and T
′[−y′, y′] ⊂ [−b, b].
Let (y′n) be bounded uaw
∗-null sequence in F ′+ and (xn) be bounded uaw-null sequence
in E. Since E ′ and F are continuous Banach lattices, hence |y′n|
w∗
−→ 0 and |xn|
w
−→ 0 by
Theorem 2.14 and Theorem 2.15. That is, |y′n|(a) = supy∈[−a,a]|y
′
n(y)| → 0 and b(|xn|) =
supx′∈[−b,b]|x
′(xn)| → 0. Therefore supy∈T [−x,x]|y
′
n(y)| → 0 and supx′∈T ′[−y′,y′]|x
′(xn)| → 0.
So T [−x, x] is L-weakly compact set in F and T ′[−y′, y′] is also L-weakly compact set in
E ′ by Theorem 3.4 and Theorem 3.5.
(2− 5) by (1). 
Recall that a continuous operator T : E → F from a Banach lattice to a Banach space
is said to be M-weakly compact if Txn → 0 for every disjoint sequence (xn) ⊂ BE .
Similarly, a continuous operators T : E → F from a Banach space to a Banach lattice
is said to be L-weakly compact whenever T (BE) is L-weakly compact set in F .
Using Theorem 3.4, Theorem 3.5 and Proposition 3.6, we have some characterizations
of L-weakly compact operator.
Theorem 4.2. Let E be Banach space and F be Banach lattice, for a continuous operator
T : E → F , the following are equivalent.
(1) T is L-weakly compact operator.
(2) y′n(Txn) → 0 for each sequence (xn) ⊂ BE and every bounded uaw
∗-null sequence
(y′n) in F
′.
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(3) y′n(Txn) → 0 for each sequence (xn) ⊂ BE and every bounded uaw-null sequence
(y′n) in F
′.
(4) y′n(Txn)→ 0 for each sequence (xn) ⊂ BE and every bounded uo-null sequence (y
′
n)
in F ′.
In addition, if E ′ has order continuous norm, then these conditions are equivalent to
(5) y′n(Txn)→ 0 for each sequence (xn) ⊂ BE and every bounded un-null sequence (y
′
n)
in F ′.
Theorem 4.3. Let E be Banach lattice and F be Banach space, for the adjoint operator
T ′ : F ′ → E ′ of a continuous operator T : E → F , if E∼n separates the points of E, then
the following are equivalent.
(1) T ′ is L-weakly compact.
(2) T ′y′n(xn) → 0 for each sequence (y
′
n) ⊂ BF ′ and every bounded uaw-null sequence
(xn) in E.
(3) T ′y′n(xn) → 0 for each sequence (y
′
n) ⊂ BF ′ and every bounded uo-null sequence
(xn) in E.
In additions, if E has order continuous norm, then these conditions are equivalent to
(3) T ′y′n(xn) → 0 for each sequence (y
′
n) ⊂ BF ′ and every bounded un-null sequence
(xn) in E.
We can also describe L-weakly compact operators by disjoint sequence, which is into
order continuous Banach lattices.
Theorem 4.4. Let E be Banach lattice, F be Banach lattice with order continuous norm,
for a positive operator T : E → F , the following statements are equivalent.
(1) T is L-weakly compact operator.
(2) y′n(Txn) → 0 for each positive disjoint sequence (xn) ⊂ BE and every bounded
uaw∗-null sequence (y′n) in F
′.
(3) y′n(Txn) → 0 for each positive disjoint sequence (xn) ⊂ BE and every bounded
uaw-null sequence (y′n) in F
′.
(4) y′n(Txn) → 0 for each positive disjoint sequence (xn) ⊂ BE and every bounded
uo-null sequence (y′n) in F
′.
Proof. (1)⇒ (2) obvious.
(2) ⇒ (1) Let (y′n) be an arbitrary bounded uaw
∗-null sequence in F ′, since F is order
continuous, |y′n|
w∗
−→ 0 by Theorem 2.14, so we assume that (y′n) ⊂ F
′
+. we have to show
that supx∈BE |y
′
n(Tx)| → 0. Assume by way of contradiction that supx∈BE |y
′
n(Tx)| does not
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converge to zero as n→∞. Then there exsits some ǫ > 0 such that supx∈BE |y
′
n(Tx)| > ǫ
for all n ∈ N . Using supx∈BE |y
′
n(Tx)| = sup0≤x∈BE |y
′
n ◦ T |(x). For every n there exists
zn in BE ∩ E+ such that |T
′(y′n)|(zn) > ǫ. Since |T
′(y′n)|(z) → 0 for every z ∈ E+ by
Proposition 4.1, then by the proof of Theorem 3.7, there exist a subsequence (yn) of (zn)
and a subsequence (gn) of (y
′
n) such that
|gn ◦ T |(yn) > ǫ, |gn+1 ◦ T |(4
n
n∑
i=1
yi) <
1
n
.
According to [3, Lemma 4.35], put x =
∑∞
i=1 2
−iyi and xn = (yn+1− 4
n(
∑n
i=1 yi)− 2
−nx)+
is disjoint. Since 0 ≤ xn ≤ yn+1 ∈ BE for every n and BE is solid, then (xn) ⊂ BE . From
the inequalities
|gn+1 ◦ T |(xn) ≥ |gn+1 ◦ T |(yn+1 − 4
n(
n∑
i=1
yi)− 2
−nx) > ǫ−
1
n
− 2−n|gn+1 ◦ T |x.
Let n→∞, and 2−n|gn+1◦T |x→ 0, so (gn+1◦T )(xn) = |gn+1◦T (xn)|9 0, it is contraction
to (4), hence T is L-weakly compact operator.
⇔ (3)⇔ are similar to (1)⇔ (2), we use the same method and Theorem 2.14. 
Using the same method and Theorem 2.15, we have also:
Theorem 4.5. Let E be Banach lattice with order continuous dual E ′ and F be Banach
lattice, for the positive adjoint operator T ′ : F ′ → E ′ of a positive operator T : E → F , if
E∼n separates the points of E, then the following are equivalent.
(1) T ′ is L-weakly compact operator.
(2) T ′y′n(xn) → 0 for each positive disjoint sequence (y
′
n) ⊂ BF ′ and every bounded
uaw-null sequence (xn) in E.
(3) T ′y′n(xn) → 0 for each positive disjoint sequence (y
′
n) ⊂ BF ′ and every bounded
uo-null sequence (xn) in E.
Recall that a operator T from Banach lattice E into Banach space F is called unbounded
absolute weak Dunford-Pettis (uaw-DP, for short) operators if Txn → 0 in F for every
bounded xn
uaw
−−→ 0 in E ([20, 21]).
The following shows that the class of uaw-DP operators is same as the class of M-weakly
compact operators.
Lemma 4.6. ([4, Proposition 3.6.11] and [3, Theorem 5.64]) For a Banach lattice E and
a Banach space F , the following statements hold:
(1) An operator T : E → F is M-weakly compact iff its adjoint T ′ : F ′ → E ′ is L-weakly
compact.
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(2) An operator T : F → E is L-weakly compact iff its adjoint T ′ : E ′ → F ′ is M-weakly
compact.
Theorem 4.7. Let E be a Banach lattice and F be a Banach space, for a continuous
operator T : E → F , if E∼n separates the points of E, then the following are equivalent.
(1) T is M-weakly compact operator.
(2) T is uaw-DP operator (i.e.: Txn → 0 for every uaw-null sequence (xn) in BE).
(3) Txn → 0 for every uo-null sequence (xn) in BE.
Proof. (2)⇒ (1) and (3)⇒ (1) by Proposition 2.13.
(1) ⇒ (2) Let T : E → F be a M-weakly compact operator, then according to Lemma
4.6, T : F ′ → E ′ is L-weakly compact operator. By Theorem 4.3(3), supx′∈T ′(B′
F
) |x
′(xn)| →
0 for all uaw-null sequence (xn) in BE.
Since |x′(xn)| = |(T
′y′)(xn)| = |(y
′ ◦ T )(xn)|, hence ‖Txn‖ = supx′∈T ′(B′
F
) |x
′(xn)| → 0.
Therefore T is uaw-DP operator.
(1)⇒ (3) is similar to (1)⇒ (2). 
Using Theorem 4.2 and supy∈T (BE) |y
′
n(y)| = ‖T
′y′n‖, we have dually:
Theorem 4.8. Let E be a Banach space and F be a Banach lattice, for the adjoint operator
T ′ : F ′ → E ′ of a continuous operator T : E → F , the following are equivalent.
(1) T ′ is M-weakly compact operator.
(2) T ′y′n → 0 for every uaw
∗-null sequence (y′n) in BF ′.
(3) T ′ is uaw-DP operator (i.e.:T ′y′n → 0 for every uaw-null sequence (y
′
n) in BF ′).
(4) T ′y′n → 0 for every uo-null sequence (y
′
n) in BF ′.
In order to show our equivalence characterization of L-weakly compact and M-weakly
compact operators, we proved a classical conclusion by these descriptions of unbounded
convergence. The next result is obtained by P.G.Dodds and D.H.Fremlin in [23, Theo-
rem 5.2].
Theorem 4.9. Let E and F be Banach lattices such that E ′ and F are order continuous.
Then, for an order bounded operator T : E → F the following statements are equivalent.
(1) y′n(Txn)→ 0 for every bounded uaw
∗-null sequence (y′n) ⊂ BF ′ and every sequence
(xn) ⊂ BE (T is L-weakly compact operator).
(2) T is uaw-DP operator (T is M-weakly compact operator).
(3) T ′y′n(xn) → 0 for every bounded uaw-null sequence (x
′
n) ⊂ BE and every sequence
(y′n) ⊂ BF ′ (T
′ is L-weakly compact operator).
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(4) T ′y′n → 0 for every uaw
∗-null sequence (y′n) in BF ′ (T
′ is M-weakly compact oper-
ator).
(5) For each pair (xn) and (y
′
n) of bounded disjoint sequences of E+ and F
′
+, respec-
tively, we have y′n(Txn)→ 0.
Proof. (1)⇔ (4) and (2)⇔ (3) By Lemma 4.6, Theorem 4.7 and Theorem 4.8.
(4) ⇒ (5) Let (xn) ⊂ E+ and (y
′
n) ⊂ F
′
+ be a pair of bounded disjoint sequences. So
y′n
uaw∗
−−−→ 0 by Proposition 2.13, so T ′y′n → 0. Since ‖xn‖ ≤M holds for all n, then from
|y′n(Txn)| = |T
′y′n(xn)| ≤ ‖T
′y′n‖ · ‖xn‖ ≤ M‖T
′y′n‖ → 0,
we see that y′n(Txn)→ 0.
(2) ⇒ (1) Let (y′n) be bounded uaw
∗-null sequence in F ′. We need to show that
supy∈T (BE) |y
′
n(y)| → 0. Let A be the solid hull of T (BE), we claim that supy∈A |y
′
n(y)| → 0.
Let (yn) be arbitrary disjoint sequence in A, since (|yn|) is also disjoint, so we assume
that (yn) ∈ F+. These exists a sequence (xn) in BE such that 0 ≤ yn ≤ |Txn|. Since
uaw-DP operator is M-weakly compact, by [3, Theorem 5.60], for any ǫ > 0, these exists
some u ∈ E+ satisfying ‖T (|x| − u)
+‖ < ǫ for all x ∈ BE . From
0 ≤ yn ≤ |Txn| ≤ |Tx
+
n |+ |Tx
−
n |
≤ |T (x+n − u)
+|+ |T |u+ |T (x−n − u)
+|+ |T |u ∈ 2 · ǫ · BF + 2[0, |T |u],
it follows that for each n there exists 0 ≤ y1n ∈ 2·ǫ·BF and y
2
n ∈ 2[0, |T |u] with yn = y
1
n+y
2
n.
Since F is order continuous and (y2n) is order bounded disjoint sequence, so we have y
2
n → 0,
therefore yn → 0, moreover y
′
n(yn)→ 0.
Since F is order continuous, hence y′n
w∗
−→ 0. Using [4, Proposition 2.3.4] and according
to the arbitrariness of (yn), we have supy∈A |y
′
n(y)| → 0.
(5) ⇒ (2) Let (xn) be a bounded uaw-null in E, since xn
uaw
−−→ 0 ⇔ |xn|
uaw
−−→ 0, so we
assume that (xn) ⊂ E+. To this end, assume by way of contradiction that Txn 9 0. Then
,there exists some ǫ > 0 and a subsequence (an) of (xn) satisfying ‖Tan‖ > 2ǫ for all n.
Since E ′ is order continuous, it follows that |an|
w
−→ 0. Since T is order continuous, hence
the modulus of T exsits and is continuous, so |T |(an)
w
−→ 0. By |Tan| ≤ |T |an, we have
|Tan|
w
−→ 0. Now an easy inductive argument shows that there exist a subsequence (bn) of
(an) and a sequence (y
′
n) ⊂ F
′
+ with ‖y
′
n‖ = 1 for all n such that
y′n(|Tbn|) > 2ǫ, (4
n
n∑
i=1
y′i)(|Tbn+1|) <
1
n
.
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Let u =
∑∞
n=1 2
−ny′n and un = (y
′
n+1 − 4
n
∑n
i=1 y
′
i − 2
−nu)+. By [3, Lemma 4.35], (un) is
positive disjoint sequence in F ′. From
un|Tbn+1| ≥ (y
′
n+1 − 4
n
n∑
i=1
x′i − 2
−nu)(|Tbn+1|)
> 2ǫ−
1
n
− 2−nu(|Tbn+1|),
let n → ∞, we have un(|Tbn+1|) 9 0. For each n, we can choose |vn| ≤ un such that
un(|Tbn+1|) = vn(Tbn+1), hence vn(Tbn+1) 9 0.
Since (vn) is disjoint and F is order continuous, then 0 ≤ vn
w∗
−→ 0, moreover T ′vn
w∗
−→ 0,
hence by [4, Proposition 2.3.4], there exsits a disjoint sequence (cn) satisfying |cn| ≤ |bn|
such that vn(Tcn+1) ≥ vn(Tbn+1) 9 0 It is contradict to our hypothesis. Therefore Txn →
0. 
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